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Abstract
Let G be a simple graph satisfying the Ore-condition with |V (G)| ≥ 3. In this paper, we prove that
G is A-connected for any abelian group A with |A| ≥ 3 if and only if G is not one of the 12 completely
described graphs.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Graphs in this paper are finite and may have multiple edges or loops. Terms and notation not
defined here can be referred to in [1]. A simple graph is a graph having no multiple edges or
loops. A multigraph is a graph in which multiple edges are allowed. A simple graph G satisfies
the Ore-condition [10], if for each pair of non-adjacent vertices x and y, d(x)+ d(y) ≥ |V (G)|.
Denote by δ(G) and ∆(G) the minimum degree and maximum degree of G, respectively. For
two disjoint subsets V1, V2 of V (G), we use e(V1, V2) to denote the number of edges with one
end in V1 and another in V2.
The complete graph on n vertices is denoted by Kn , and K−n is the graph obtained from Kn
by deleting one edge. A cycle is a connected 2-regular graph. Cn is a cycle on n vertices and
is called an n-cycle. The wheel Wk (k ≥ 3) is the graph obtained from a k-cycle by adding a
new vertex and joining it to every vertex of the k-cycle. Wk is odd (even) if k is odd (or even,
respectively).
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For an orientation D of G and a vertex v ∈ V (G), we use E+(v) (or E−(v), respectively)
to denote the set of edges with tails (or heads, respectively) at v. Let D be a directed graph,
let A be an abelian group, and let φ : E(D) → A be a mapping. We say that φ is nowhere-
zero if 0 6∈ φ(E(D)). The boundary of φ is the mapping ∂φ : V (D) → A where ∂φ(v) =∑
e∈E+(v) φ(e) −
∑
e∈E−(v) φ(e) for each vertex v ∈ V (D). Note that
∑
v∈V (D) ∂φ(v) = 0. If
∂φ is identically zero, then φ is called a flow or an A-flow. We say that D is A-connected if, for
every mapping p : V (D) → A with∑v∈V (D) p(v) = 0, there exists a nowhere-zero mapping
φ : E(D) → A with boundary ∂φ = p.
If we change the orientation of the edge e and switch φ(e) to −φ(e), then the boundary is
preserved, and the new mapping is nowhere-zero if and only if the original one was. Thus the
existence of a nowhere-zero mapping with a specified boundary depends only on the underlying
undirected graph and not on the orientation of the edges. Accordingly, we say that an undirected
graph admits a nowhere-zero A-flow (is A-connected) if some (thus every) orientation of it
admits a nowhere-zero A-flow (is A-connected). From now on, we will only talk about group
connectivity of undirected graphs.
The concept of A-connectivity was introduced by Jaeger, Linial, Payan, and Tarsi [7]
as a generalization of nowhere-zero flows. The purpose of study in group connectivity is
to characterize contractible configurations for integer flow problems. This paper is mainly
motivated by the following two conjectures.
Conjecture 1.1 (Tutte, Unsolved Problem 48 in [1]). Every 4-edge connected graph admits a
nowhere-zero Z3-flow.
Conjecture 1.2 (Jaeger et al. [7]). Every 5-edge connected graph is Z3-connected.
Most recently, Lai, Xu, and Zhang [9] proved that a graph G is Z3-connected if and only if G
admits all generalized Tutte-orientations. As a consequence, any Z3-connected graph has a claw-
decomposition provided its edge size is divisible by 3. Therefore, Z3-connectivity potentially can
be a tool to study claw-decompositions of graphs. Moreover, A-connectivity, as a contractible
configuration of A-flow, plays an important role in the study of group flows. That is, if H
is A-connected, then, for any supgraph G has an A-flow if and only if G/H has an A-flow.
Furthermore, we have the following very useful lemma.
Lemma 1.3 (Lai [8]). Let A be an abelian group. If H is a subgraph of G and if both H and
G/H are A-connected, then G is A-connected.
It is thus important to determine which graphs are A-connected. For results on A-connected
graphs, see [2–4,7,8]. We summarize some of the results here.
Lemma 1.4. Let A be an abelian group with |A| ≥ 3. The following results are known:
(1) Kn and K−n are A-connected if n ≥ 5.
(2) Cn is A-connected if and only if |A| ≥ n + 1.
(3) Km,n is A-connected if m ≥ n ≥ 4 and Km,3 is not Z3-connected.
(4) Each even wheel is Z3-connected and each odd wheel is not.
(5) If G is not A-connected, then any spanning subgraph of G is not A-connected.
A graph G is triangularly connected if, for every pair of edges e1, e2 ∈ E(G), there exists
a sequence of cycles C1,C2, . . . ,Ck such that e1 ∈ E(C1), e2 ∈ E(Ck), |E(Ci )| ≤ 3 for
1 ≤ i ≤ k, and such that E(C j ) ∩ E(C j+1) 6= ∅ for 1 ≤ j ≤ k − 1. Let H1 and H2 be two
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Fig. 1.
subgraphs of a graph G. We say that G is the 2-sum of H1 and H2, denoted by H1 ⊕ H2, if
E(H1) ∪ E(H2) = E(G) and, |V (H1) ∩ V (H2)| = 2, and |E(H1) ∩ E(H2)| = 1.
For triangularly connected graphs, the following characterization is known.
Lemma 1.5 (Fan et al. [4]). Let G be a triangularly connected graph. Then G is A-connected
for all abelian group A with |A| ≥ 3 if and only if G 6= H1 ⊕ H2 ⊕ · · · ⊕ Hk , where Hi is an
odd wheel (including a triangle) for 1 ≤ i ≤ k.
Let G = (V, E) be a graph and let u, v, w be three vertices of G with uv, uw ∈ E . Let
G[uv,uw] be the graph G ∪ {vw} \ {uv, uw}.
Lemma 1.6 (Chen et al. [2]). Let A be an abelian group. Let G = (V, E) be a graph and let
u, v, w be three vertices of G with degree d(u) ≥ 4 and uv, uw ∈ E. If G[uv,uw] is A-connected,
then so is G.
Recently, Fan and Zhou [5] gave a complete characterization of all simple graphs satisfying
the Ore-condition but not admitting nowhere-zero 3-flow. They prove the following theorem.
Theorem 1.7 (Fan and Zhou [5]). Let G be a simple graph on n vertices, n ≥ 3. If G
satisfies the Ore-condition, then G admits no nowhere-zero 3-flow if and only if G is not one
of G4,G6,G7,G9,G10 and G12 in Fig. 1.
Fan and Zhou [6] also characterize all Z3-connected graphs G with degree sum of any two
adjacent vertices at least |V (G)| + 2. Yin and Xu [12] showed that every simple graph satisfying
the Ore-condition with at least 3 vertices is A-connected except C4, where A is an abelian group
with |A| ≥ 4.
In this article, we further characterize all Z3-connected graphs that satisfy the Ore-condition
and thus confirm Conjecture 1.2 for the same family of graphs.
Theorem 1.8. A simple graph G satisfying the Ore-condition with at least 3 vertices is not Z3-
connected if and only if G is one of the 12 graphs in Fig. 1.
As a corollary of Theory 1.8 and Lemma 1.4(2), we have the following:
Corollary 1.9. Let G be a graph satisfying the Ore-condition with |V (G)| ≥ 3, then G is A-
connected for any abelian group A with |A| ≥ 3 if and only if G is not one of the 12 graphs in
Fig. 1.
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Fig. 3.
This paper is organized as follows: in Section 2, we discuss the cases when n ≤ 6 and
identify all non-Z3-connected graphs which satisfy the Ore-condition. In the last section, we
prove Theorem 1.8.
2. Cases when n is small
We first introduce a technical lemma which will help us in the proof.
Lemma 2.1. Let v be a vertex of degree three with NG(v) = {v1, v2, v3}. Let b : V (G) 7→ A be
a mapping with
∑
x∈V (G) b(x) = 0 and b(v) 6= 0. If G(vv1) is Z3-connected, then there exists
an orientation D of G and a nowhere-zero mapping f ′ : E(G) 7→ A such that ∂ f ′ = b under
the orientation D, where G(vv1) is the resulting graph by removing vertex v together with all its
incident edges from graph G and adding a new edge v2v3 (it can be a parallel edge).
Proof. Define b(vv1) : V (G) \ {v} 7→ A as follows: b(vv1)(v1) = b(v1) + b(v) and
b(vv1)(u) = b(u) for any other vertex u. Clearly we have
∑
x∈V (G(vv1)) b(vv1)(x) = 0. Since
G(vv1) is Z3-connected, there exists an orientation D
′ of G(vv1) and a nowhere-zero mapping
f : E(G(vv1)) 7→ A with ∂ f = b(vv1) under the orientation D′. Without loss of generality,
assume that the new edge v2v3 is oriented from v2 to v3.
We can obtain an orientation of G from D′ and extend f to a mapping f ′ : E(G) 7→ A as
follows: orient the edge viv from vi to v for i = 1, 2, orient the edge v3v from v to v3, and
for any other edges in G orient them the same way as in D′; define f ′(vv1) = b(v), f ′(v2v) =
f ′(vv3) = f (v2v3) and for any other e ∈ E(G), let f ′(e) = f (e). It is easy to check that f ′ is
also nowhere-zero and ∂ f ′ = b under the orientation D. 
Lemma 2.2. The graphs in Figs. 2–4 are all Z3-connected.
Proof. We first consider the graph in Fig. 3. Then the graph G[v2v1,v2v5] contains two parallel
edges v1v5. Contract this 2-cycle and recursively contract all resulting 2-cycles and loops,
eventually, we get K1 which is Z3-connected. By Lemmas 1.4(2) and 1.3, G[v2v1,v2v5] is Z3-
connected. By Lemma 1.6, G is Z3-connected.
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Now we look at the graph in Fig. 4. Consider the graph G[v5v1,v5v6]. It contains two parallel
edges v1v6. Contract this 2-cycle and recursively contract all resulting 2-cycles and loops,
eventually, we get K1 which is Z3-connected. By Lemmas 1.4(2) and 1.3, G[v5v1,v5v6] is Z3-
connected. By Lemma 1.6, G is Z3-connected.
Finally we consider the graph in Fig. 2. Let b : V (G) 7→ A with ∑v∈V (G) b(v) = 0.
If b(v1) 6= 0, then the graph G(v1v2) is a triangularly connected graph with a 2-cycle. By
Lemma 1.5, it is Z3-connected. Therefore there exists a nowhere-zero mapping f : E(G) 7→
E(G) with ∂ f = b. Then we may assume b(v1) = 0. Similarly, the graphs G(v2v1), G(v6v2),
and G(v3v5) are all Z3-connected. To see this, in G(v2v1), G(v6v2), the single vertex graph K1,
which is Z3-connected, will be obtained by recursively contracting every resulting 2-cycles or
loop, and G(v3v5) is a W4 which is Z3-connected by Lemma 1.4(4). Then we may assume that
b(v2) = b(v6) = b(v3) = 0. So for b, there are only 3 possible cases: b(v4) = b(v5) = 0;
b(v4) = 1 and b(v5) = 2; b(v4) = 2 and b(v5) = 1. It is easy to check that, for each of these
boundaries, there exists an orientation of G and a nowhere-zero mapping f : E(G) 7→ A such
that ∂ f = b. Therefore, G is Z3-connected. 
Lemma 2.3. No graphs illustrated in Fig. 1 are Z3-connected.
Proof. By Lemma 1.4(5), we only need to check the graphs G1,G4,G5,G7,G9,G10 and G12
since each of the others is a spanning subgraph of one of other seven graphs. It follows from
Lemma 1.4(2) and (4) that none of G1,G4,G12 is Z3-connected. By Theorem 1.7, none of
G7,G9,G10 has a Z3-flow and thus none is Z3-connected. By Lemma 1.5, G5 is not Z3-
connected, since G5 = W1 ⊕W3. 
Lemma 2.4. Let G be a simple graph on n vertices, where 3 ≤ n ≤ 6. If G satisfies the Ore-
condition, then G is not Z3-connected if and only if G is one of the 12 graphs in Fig. 1.
Proof. Assume that G satisfies the Ore-condition. By Lemma 2.3, it suffices to show that either
G is Z3-connected or G is one of the 12 graphs in Fig. 1.
It is obvious that if n ≤ 4, then G is one of G1,G2,G3 and G4. Assume 5 ≤ n ≤ 6.
Suppose that δ(G) ≥ 4. For n = 5, we haveG = K5 andG is Z3-connected by Lemma 1.4(1).
For n = 6, if G = K6, we are done. Let x, y be two non-adjacent vertices of G, then x is adjacent
to all the other vertices except y. For the graph G ′ = G \ {x, y}, δ(G ′) ≥ 2 since δ(G) ≥ 4.
Then G ′ must contain a 4-cycle. Therefore G contains an even wheel W4 with the center at x and
contracting this W4 results in a graph with 2 vertices and 4-parallel edges. By Lemmas 1.4(4),
1.3, and 1.4(2), G is Z3-connected. So we may assume that 2 ≤ δ(G) ≤ 3.
If δ(G) = 2, let x ∈ V (G) be a degree 2-vertex with NG(x) = {x1, x2}. Then for any
y ∈ V (G) \ {x, x1, x2}, dG(y) ≥ n − 2. Therefore G ′ = G \ {x} is Kn−1 or K−n−1. For n = 5,
G = G5 or G6. For n = 6, by Lemma 1.4(1), G ′ is Z3-connected. So if we contract G ′, we get
a graph with 2 vertices and 2-parallel edges. By Lemmas 1.3 and 1.4(2), G is Z3-connected. So
we may assume that δ(G) = 3.
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Let x ∈ V (G) be a vertex of degree 3 with NG(x) = {x1, x2, x3}. If n = 5, Then the
fifth vertex, say y, is adjacent to all the neighbors of x . Since δ(G) = 3, the graph induced by
the neighbors of x must contain a path of length 2. Therefore, G contains a W4 as a spanning
subgraph. By Lemma 1.4(4) and (5), G is Z3-connected.
So let us assume n = 6. Let y1, y2 be the two vertices which are not adjacent to x . Then
dG(yi ) ≥ 3 for i = 1, 2.
If |NG(y1) ∩ NG(y2)| = 3, then G must contain G8 as a spanning subgraph. If G is not
G8 or G9, then either G contains the graph in Fig. 3 as a spanning subgraph or G contains
an even wheel W4. For the former case, applying Lemmas 2.2 and 1.4(5), G is Z3-connected.
For the later case, contract the W4 in G, the resulting graph is a set of parallel edges on two
vertices. Then by Lemmas 1.3 and 1.4(2) and (4), G is Z3-connected. Hence we may assume
that |NG(y1) ∩ NG(y2)| ≤ 2 and thus y1 and y2 must be adjacent since δ(G) = 3 and n = 6.
Clearly, |NG(y1) ∩ NG(y2)| ≥ 1. We consider the following two cases.
Case 1. |NG(y1) ∩ NG(y2)| = 1.
Suppose that x1y1, x1y2 ∈ E(G). Then yi is adjacent to exactly one vertex in {x2, x3} for
i = 1, 2 and y1 and y2 do not share a common neighbor in {x2, x3}. Without loss of generality,
assume y1 is adjacent to x2, and y2 is adjacent to x3. Since δ(G) = 3, then in the subgraph G ′
induced by the 3 neighbors of x , the degrees of x2 and x3 must be at least one. If G ′ contains
exactly one edge, then this edge must be x2x3 and, therefore, G = G7; if G ′ contains exactly two
edges such that x1 is of degree two in G ′, then G = G12. So we may assume that G ′ contains
at least two edges, and one of {x2, x3} is of degree two in G ′. This implies that G contains the
graph in Fig. 2 as a spanning subgraph. By Lemmas 2.2 and 1.4(5), G is Z3-connected.
Case 2. |NG(y1) ∩ NG(y2)| = 2.
Suppose that NG(y1) ∩ NG(y2) = {x1, x2}. Then x3 is adjacent to at most one vertex
in {y1, y2}. If x3 is not adjacent to any of y1, y2, then x3 must be adjacent to x, x1, x2 and
y1y2 ∈ E(G). We have G = G10 if x1x2 ∈ E(G) or G = G11 if x1x2 6∈ E(G). If x3 is adjacent
to exactly one of y1, y2, say y2, then x3 is adjacent to at least one of x1, x2 and y1y2 ∈ E(G)
since δ(G) ≥ 3. Then G contains the graph in Fig. 2 as a spanning subgraph. By Lemmas 2.2
and 1.4(5), G is Z3-connected. 
3. Main Result
In this section, we shall prove Theorem 1.8 when n ≥ 7. Let us first make some preparation
by proving two technical lemmas.
Lemma 3.1. Let G be a simple graph on n vertices with n ≥ 7 and A be an abelian group of
order at least 3. If G satisfies the Ore-condition, then G is A-connected or G contains K−4 as a
subgraph.
Proof. If δ(G) ≥ n2 , then |E(G)| ≥ n
2
4 , and hence G contains a K3 or G = Km,m with m = n2
by Tura´n’s Theorem [11]. If G = Km,m with m = n2 , then by m ≥ 4 and Lemma 1.4(3),
G is A-connected. Assume that G contains a K3, where V (K3) = {v1, v2, v3}. If there exists
x ∈ V (G) \ {v1, v2, v3} such that x has two neighbors in {v1, v2, v3}, then G contains a K−4 . If
x has at most one neighbor in {v1, v2, v3} for any x ∈ V (G) \ {v1, v2, v3}, then we have
3n
2
≤ d(v1)+ d(v2)+ d(v3) ≤ (n − 3)+ 6 = n + 3,
R. Luo et al. / European Journal of Combinatorics 29 (2008) 1587–1595 1593
a contradiction to the fact that n ≥ 7. Now suppose that δ(G) ≤ n−12 and let d(v) = δ(G). Then
|V (G − (N (v)∪ {v}))| ≥ n−12 ≥ 3, and thus d(x) ≥ n+12 for any x ∈ V (G − (N (v)∪ {v})). So,
there is an edge xy ∈ E(G − (N (v) ∪ {v})). Since d(x)+ d(y) ≥ n + 1 and v 6∈ N (x) ∪ N (y),
we have |N (x) ∩ N (y)| ≥ 2, and hence G contains a K−4 . 
Lemma 3.2. Let G be a graph of order at least 7 satisfying the Ore-condition. If there are at
least two degree 3 vertices in G, then G is Z3-connected.
Proof. Let x and y be two degree 3 vertices in G. Since G satisfies the Ore-condition and
n ≥ 7, then xy ∈ E(G). Let NG(x) = {x1, x2, y} and NG(y) = {y1, y2, x}. For any
v ∈ V (G) \ (NG(x) ∪ NG(y)), d(v) ≥ n − 3. This implies that v is adjacent to all the vertices
in V (G) \ {x, y}. Let us consider the following cases:
Case 1. |NG(x) ∩ NG(y)| = 0.
Since x1y 6∈ E(G), then dG(x1) ≥ n − 3 and in the graph G ′ induced by {x1, x2, y1, y2},
dG ′(x1) ≥ (n−3)−1−(n−6) = 2. Similarly, each vertex has degree at least 2 in G ′. This implies
that G ′ contains a 4-cycle as a spanning subgraph. Since for any v ∈ V (G) \ (NG(x) ∪ NG(y)),
v is adjacent to all the vertices in V (G) \ {x, y}. Therefore for any such v, the graph induced by
{v, x1, y1, x2, y2} in G contains aW4. So the graph G ′′ = G\{x, y} is Z3-connected. Contracting
G ′′ in G, we get a triangle with multiple edges which is Z3-connected. Then G is Z3-connected.
Case 2. |NG(x) ∩ NG(y)| = 1.
We may assume that x1 = y1. Let G ′ be the graph induced by {x1, x2, y2}. Since x2y 6∈ E(G),
then d(x2) ≥ n−3 and dG ′(x2) ≥ n−3−1−(n−5) = 1. Similarly, dG ′(y2) ≥ 1. Then G ′ either
contains edge x2y2 or it contains x2x1y2 as a path. For the latter case, since N (v) ⊇ V (G)−{x, y}
for every v ∈ V (G)− N (x)− N (y), the graph G− x − y is either Kn−2 and K−n−2. Since n ≥ 7,
by Lemma 1.4(1), G is Z3-connected. For the other case, if n = 7, then G contains the graph
in Fig. 4 as a proper spanning subgraph, then G is Z3-connected by Lemmas 2.2 and 1.4(5); if
n ≥ 8, then the graph G ′ induced by V (G) \ {x, y, x1} is a Kn−3. Since n ≥ 8, Kn−3 is Z3-
connected by Lemma 1.4(1), contract G ′ in G, the resulting graph is a K4 with multiple edges
which is Z3-connected. Then G is Z3-connected.
Case 3 |NG(x) ∩ NG(y)| = 2.
Then {x1, x2} = {y1, y2}. Clearly, G ′ = G \ {x, y} is Kn−2 or K−n−2 which is Z3-connected
since n ≥ 7. Then contracting G ′ in G will result in a triangle with multiple edges which is
Z3-connected. Then G is Z3-connected. 
The operation defined in Lemma 1.6 preserves the group connectivity. In fact it also preserves
the group flow or integer flow as shown in [5]. The idea of the proof of the main result in [5] is
to apply the operation once, and then to contract the resulting 2-cycles recursively. Note that by
Lemma 1.4(2), a 2-cycle is Z3-connected, and thus the process preserves both Z3-flows and Z3-
connectivity. Our proof follows the same lines, and for completeness, we include a very similar
argument to prove that the resulting graph satisfies the Ore-condition.
Proof of Theorem 1.8. By Lemma 2.3, it is sufficient to prove that, except for these 12 graphs
illustrated in Fig. 1, G is Z3-connected. Clearly, δ(G) ≥ 2. We use induction on n = |V (G)|.
If n ≤ 6, the theorem holds by Lemma 2.4. Assume that n ≥ 7 and the theorem holds for any
graph G ′ with |V (G ′)| < n.
If there is a vertex x ∈ V (G) with dG(x) = 2, then G \ {x} is Kn−1 or K−n−1, which are
Z3-connected. Then G is Z3-connected. Thus we may assume that δ(G) ≥ 3.
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By Lemmas 3.1 and 3.2, we may further assume that G contains a K−4 and G has at most one
vertex with degree 3. Let K−4 be the union of two triangles xyz and xyw with xy in common and
d(z) ≥ 4. In G[zx,zy], we have a 2-cycle on {x, y}. Let G1 be the graph obtained from G[zx,zy] by
contracting the 2-cycle on {x, y} into a single vertex u∗. Clearly, G1 has a 2-cycle on {u∗, w}. Let
G2 be the graph obtained from G1 by contracting the 2-cycle on {u∗, w} into u∗ (for convenience,
the resulting new vertex is still denoted by u∗). If there is a 2-cycle containing u∗, we continue
to contract the 2-cycle into u∗, and denote the resulting graph by G3. Keep going this way until
no 2-cycle exists. For i = 1, 2, . . . , t in turn, we may assume that Gi is obtained from Gi−1
by contracting a 2-cycle into u∗, where G0 = G[zx,zy] and G t is a simple graph, in which all
vertices, except for u∗ and z, have the same degree as in G. By Lemma 2.1, if G t is A-connected,
then so is G[zx,zy], and hence so is G by Lemma 2.4. Moreover, we also may assume that there is
a subgraph H in G[zx,zy] such that G t = G[zx,zy]/H . By t ≥ 2, we have n∗ = |V (G t )| ≤ n − 2.
We now prove that G t also satisfies the Ore-condition, that is, dGt (u) + dGt (v) ≥ n∗ for each
uv 6∈ E(G t ).
If u, v ∈ V (G t ) \ {u∗, z}, then dGt (u) + dGt (v) = dG(u) + dG(v) ≥ n ≥ n∗. If u 6= u∗
and v = z, then dGt (u) + dGt (v) = dG(u) + dG(v) − 2 ≥ n − 2 ≥ n∗. If u = u∗ and v 6= z,
then dGt (u) + dGt (v) ≥ dG(w) − (|V (H)| − 1) + dG(v) ≥ n − (|V (H)| − 1) = n∗. Now we
assume that u = u∗ and v = z. Since u∗z 6∈ E(G t ), there is no edge between z and H . Let
R = G − V (H). For any a ∈ V (H) \ {x, y}, we claim that
dGt (u
∗) ≥ dG(a)− (|V (H)| − 1)+ e(H − a, R),
and hence
dGt (u
∗)+ dGt (z) ≥ dG(a)− (|V (H)| − 1)+ e(H − a, R)+ dG(z)− 2
≥ n∗ − 2+ e(H − a, R). (1)
For any a ∈ V (H) \ {x, y}, we have that
e(a, R) ≥ 1. (2)
Otherwise, if e(a, R) = 0, then for each r ∈ V (R − z), by dG(a) + dG(r) ≥ n, we have
e(r, H) ≥ 2, which is impossible since G t is simple.
If |V (H)| ≥ 5, then by (1) and (2), we have
dGt (u
∗)+ dGt (z) ≥ n∗ − 2+ e(H − a, R) ≥ n∗.
If |V (H)| = 4, then by (1) and (2), we may assume that
e({x, y}, R) = 0 and e(w, R) = e(b, R) = 1,
where V (H) = {x, y, w, b}. Since n ≥ 7, by Lemma 3.2, there is a vertex in R − z with degree
at least 4 in G. So, |V (R)| ≥ 4 and there is a vertex r ∈ V (R − z) such that e(r, H) = 0. This
implies that dG(r)+ dG(w) ≤ n − 1, a contradiction.
If |V (H)| = 3, that is, V (H) = {x, y, w}, then by (1) and (2), we may assume that
e({x, y}, R) ≤ 1. Without loss of generality, we may assume that e(x, R) = 0. Then dG(x) = 3
and dG(r) ≥ n− 3 for each r ∈ V (R − z). Thus, e(r, {z, y, w}) ≥ 2 for each r ∈ V (R − z), and
hence
dGt (u
∗)+ dGt (z) = e({z, y, w}, R − z) ≥ 2|V (R − z)| = 2(n − 4) > n − 2 ≥ n∗.
Therefore, G t also satisfies the Ore-condition.
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By the induction hypothesis, we get that either G t is Z3-connected (we are done) or G t is
isomorphic to one of these 12 excluded graphs illustrated in Fig. 1. Since G t has at most two
degree 2 vertices, then G t cannot be G1,G2. If G = G3, then the 2 degree vertices must be u∗
and z which implies that G contains at least two degree 3 vertices. For the graph G4,G5, . . .G12,
they all contain at least 4 degree 3 vertices which implies that G contains at least two degree 3
vertices. By Lemma 3.2, G is Z3-connected. 
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